Domain wall (DW) moving in media undergoes the friction force due to particle scattering. However certain particles are not scattered, but perforate the wall. As a result, the wall gets excited in the form of the branon wave, while the particle experiences an acceleration jump. This gives rise to generation of gravitational waves which we call "piercing gravitational radiation" (PGR). Though this effect is of higher order in the gravitational constant than the quadrupole radiation from the collapsing DWs, its amplitude is enhanced in the case of relativistic particles or photons because of absence of the velocity factor which is present in the quadrupole formula. We derive the spectral-angular distribution of PGR within the simplified model of the weakly gravitating particlewall system in Minkowski space-time of arbitrary dimensions. Within this model the radiation amplitude is obtained analytically. The spectral-angular distribution of PGR in such an approach suffers from infrared and ultraviolet divergences as well as from collinear divergence in the case of a massless perforating particle. Different cut-off schemes appropriate in various dimensions are discussed. Our results are applicable both to cosmological DWs and to the braneworld models.
the system has no wave zone. This prompted us to revisit derivation of the spectral-angular distribution of radiated energy not referring to wave zone. Second, the effective radiating current contains a light-like part (due to the free branon) with associated problems in constructing the retarded solutions of the D'Alembert equation with light-like sources [34] [35] [36] . Furthermore, radiation exhibits peculiar infrared and collinear [37] [38] [39] [40] divergences, typical for radiation from massless charges in gauge theories (for more detailed discussion see [41] ). Recently, these matters were extensively studied in connection with the memory effect [36, [42] [43] [44] [45] and the Bondi-Metzner-Sachs asymptotic symmetries [46] . Though we do not discuss these very interesting subjects here, we feel that our radiation problem provides a novel interesting setting for these studies too.
Physically, PGR may be relevant for cosmic DWs, providing additional spectral components to the standard spectrum of gravitons from collapsing walls [13] . Detailed study of such applications, however, remains beyond the scope of the present paper which is mostly restricted to theoretical aspects of the problem.
THE SETUP
We consider the gravitating system of an infinite Nambu-Goto DW of plain topology and a point particle.
Omitting the self-gravity of each object, we treat the full metric generated by them via Einstein equations and the motion of both objects in this metric self-consistently in the framework of the perturbation theory on the Minkowski background in terms of the coupling constant κ (κ 2 = 16πG D ), where G D is the D-dimensional Newton constant (we use the units c = 1). When gravity is switched off, the following geometry of the collision is assumed: the plane infinite Nambu-Goto brane sits at rest in D-dimensional Minkowski space-time, so that its world-volume is orthogonal to z-axis. A point particle of mass m is moving along z-axis with some initial velocity such that it reaches the wall and perforates it. The D−dimensional cartesian coordinates are therefore split as x M = (x µ ; z), x µ ∈ M 1,d+2 , the metric signature is (+, −, ..., −). 
A. The model
We keep notation introduced in the previous papers [30] [31] [32] . The (D − 2)-dimensional DW propagating in the D-dimensional space-time M D with the metric g MN , has the world-volume V D−1 parametrized by arbitrary coordinates σ µ , µ = 0, 1, 2, ... , D − 2 and defined by the embedding equations x M = X M (σ µ ), M = = 0, 1, 2, ..., D − 1 . The point mass propagates normally to the DW along the worldline x M = z M (τ ), affinely parametrized and described by the Polyakov action using the einbein e(τ ). To total action governing the system reads
Here µ denotes the brane tension, X M µ = ∂X M /∂ σ µ are the tangent vectors on the DW world-volume and γ µν is the inverse metric on it, γ = detγ µν . Variation of (2.1) with respect to X M gives the brane equation of motion in the covariant form
while variation with respect to γ µν gives the constraint equation respectively, while variation over g MN leads to the Einstein equations
with
for the energy-momentum tensor of the brane and a particle, respectively. Eventually in our expansions we will use Einstein equations with lower indices. Though the infinitely thin DW is still compatible with the full non-linear gravity, the point-like particle is not. But it sensible to consider our system in the context of the perturbative gravity on Minkowski background. In this approach one presents the metric as
and expands all quantities in powers of κ, making use of η MN to raise and to lower the indices. It is convenient to define the quantity
and to choose the flat-space harmonic gauge (in all orders in κ)
B. Iteration scheme
Like in the particle scattering problem, we use the simultaneous expansions of the particle world-line z M (τ ), the DW embedding functions X M (σ µ ) and the metric deviation h MN in κ. It is understood that in zero order the particle moves freely along the line orthogonal to the wall and pierces it. The subtle point of this setting is that actually the gravitational potential of the Nambu-Goto plane wall is growing in space, so the system has no free asymptotic states at all. Consequently one can not define the momentum of the particle in the initial state. This gives rise to complications in establishing the momentum balance equation. However, as was discussed in our previous paper [31] , there is a way out in constructing the "dressed" momenta, so we will not enter into this here. We still can use the formal expansions of the unknown functions in the gravitational constant keeping in mind that we are actually considering a vicinity of the wall whose size is small with respect to curvature radius of an exact DW metric. Gravitational field of DW is repulsive, so to be able to pierce the DW, the particle must have enough energy in order not to be reflected. We will see in what follows that for any particle velocity there is some domain from which the particles reach DW. We will call this velocity dependent domain the piercing layer, its size will be defined in the section 2C. So actually our iterative scheme applies only to the piercing layer.
With this in mind, we proceed now with formal expansions 9) where Φ denotes collectively the set of variables: z M (τ ), e(τ ), X µ (σ) and h MN (x). The left superscript labels the order in terms κ.
The zeroth order is trivial. It describes a free plane unperturbed brane and a particle moving with constant velocity (u M = γ(1, 0, ..., 0, v)) perpendicular to the brane where
in the absence of the gravitational field h MN = 0 . The Lagrange multiplier e is chosen to be equal to the corresponding particle mass 0 e = m , so that the trajectories are parametrized by proper time and the velocity satisfies the normalization condition η MN u M u N ≡ u 2 = 1. In the zeroth order in κ the brane is assumed to be unexcited
where Σ M µ are (D − 1) constant bulk Minkowski vectors which can be normalized as
Obviously, this is a solution to the Eq. (2.2) for κ = 0, and the corresponding induced metric is four-dimensional Minkowski metric γ µν = η µν . Thus it is convenient with no loss of generality to fix
In other words, we choose the Lorentz frame where the unperturbed brane is at rest.
The first order correction is obtained next. The zeroth order straight particle trajectory and the flat brane are sources of the first order gravitational field 1 h p MN ≡h MN of the particle and 1 h br MN ≡ h MN of the brane, respectively:
In turn, h MN causes the first order deviation of the trajectory 1 z M , whileh MN produces the first order deviation 1 X µ (σ) of the embedding functions. In the process, the first correction 1 e of the einbein fields is also obtained. Explicitly, from the zeroth order trajectories one obtains the zeroth order particle energy-momentum tensor
which in this order has only t, z− components, and from the first order Einstein equations for particle field, given by
the first order correction 1 h MN to the metric is obtained. In what follows, the stress-tensor and the gravitational field of the particle will be denoted by bar.
Passing to the D-dimensional Fourier-transforms
we obtain the retarded solution in the momentum representation
In the coordinate representation we find (for D 4): 12) where r = δ ij σ i σ j is the radial distance on the wall from the perforation point. This is just the Lorentzcontracted D-dimensional Newton field of the uniformly moving particle. The zeroth-order expression for the brane energy-momentum tensor T MN reads:
so the Einstein equation for the first-order brane field is given by:
The Fourier-space solution is given by 
(2.14) 
which upon elimination of 1 e give 3) or, in the components,
where a parameter is introduced
playing the role of the inverse bulk curvature radius in the full non-linear treatment. According to (3.4) the gravity force between the DW and the particle is repulsive. (Recall that this "antigravity" is caused by the dominance of the DW tension (negative pressure) in the energy-momentum tensor of the wall.) Integrating (3.4) twice with initial conditions δz M (0) = 0, δż M (0) = 0, one has
Substituting (3.5) into (3.1) one can check that the gauge condition 1 e = 0 is satisfied.
B. Piercing layer
We now discuss physical restrictions of our iterative scheme in more detail. Suppose that a point particle moving in the linearized gravitational field of the brane passes through the point z l > 0 with the velocity dz/dt = = v < 0. According to Eq. (3.4) it has a (proper) accelerationz = a = k (Dγ 2 v 2 + 1). This particle reaches the brane at the proper time moment
With account for the reflection symmetry, it is clear that if |z| > z l , where
the particle will be reflected, while if |z| < z l it reaches the brane and passes through it. Thus the Eq. (3.7) defines the boundary of the velocity-dependent layer of particles which pierce the brane. Or, conversely, for given z, only those particles which have the velocity v > v l (z), where v l (z) is the inverse function to z l (v), namely,
will reach DW and pierce it.
We will see in the next subsection that the parameter k defines the curvature of the DW gravitational field. The linearized metric of the wall is correct if kz ≪ 1 [30] . In the non-relativistic case one has kz l = v 2 /2, so our approximation is consistent and the piercing layer is small in the units k −1 . In the ultrarelativistic case kz l = (2D) −1 , so the layer size is of the order of the inverse curvature. In this case the condition of validity of the linearized approximation for the brane metric is only marginally satisfied.
Formally, the unperturbed motion is free in our scheme, but one has to keep in mind that the validity of this description is restricted to particles in the piercing layer only. Since this requirement is imposed a posteriori, one can expect that formal application of such an approach will face certain problems. Indeed, as we will see, the spectrum of gravitational waves will require cut-offs to get finite results.
C. The RS2 setup
The piercing layer can be described using the full non-linear treatment as follows. A convenient setup is the one-brane Randall-Sundrum model (RS II) [14] adapted to arbitrary dimensions. Note that geodesic motion in the RS II setup was earlier considered with different motivation in [47] [48] [49] [50] [51] [52] 2 . The metric of the RS II model reads:
where ds 2 M is the flat metric on the brane. Using the non-vanishing Christoffel symbols 9) in the geodesic equationẍ M + Γ M LRẋ LẋS = 0 one derives the following two equations t = 2kṫż sgnz,z = e −2k|z| kṫ 2 sgnz , whose solution is
where v 0 = −(dz/dt) t=0 . The time T needed for the particle at an initial distance l to reach the brane is
so we find the following condition of piercing: the lowest initial value of the velocity v 0 has to be
As a function of the product kl, the velocity v min 0 has the maximum 1/2 at kl = ln 2/2. Hence, if v 0 > 1/2, the particle reaches the brane independently of the initial distance. Conversely, for the fixed initial velocity v 0 , the largest initial distance l max is
Thus in our problem the non-relativistic limit implies either the Minkowski limit of the metric, or an initial particle position on the brane. In the non-relativistic limit one has
The particle velocity at the moment of piercing is given by 13) so the condition of applicability of the perturbation theory is
Being translated to the possible values of kl, this gives kl ≪ 1, (3.14)
and kl ≪ 1 is sufficient for the validity of our iterative scheme. Hence, expanding T (3.11) in powers of k one obtains 15) what corresponds to the linear gravity. In order for this would give the limit of the full non-linear theory, where particle is replaced by the black hole, one has also to ensure that we deal with distances large compared with the gravitational radius:
D. Deformation of DW
Now we consider perturbations of DW due to gravitational interaction with the particle. For this we have to use the metric deviation due to the particle. In accordance with our iterative scheme we neglect particle's acceleration in the wall gravity when we calculate its proper gravitational field, considering the unperturbed particle trajectory.
Perturbations of the Nambu-Goto branes in the external gravitational field were expensively studied in the past, see e.g. [53] . The derivation is particularly simple in the Minkowski background . First, from Eq. (2.3) we find the perturbation of the induced metric
where brackets denote symmetrization over the indices with a factor 1/2. Linearizing the rest of the Eq. (2.2), after some rearrangements one obtains the following equation for the deformation of the wall: 16) where ✷ D−1 ≡ ∂ µ ∂ µ and Π MN is projector onto the (one-dimensional) subspace orthogonal to V D−1 . The source term in (3.16) reads:
Using the aligned coordinates on the brane σ µ = (t, r), we will have δ M and J M is physical. Generically, the transverse deformations of branes can be viewed as Nambu-Goldstone bosons (branons) which result from spontaneous breaking of the translational symmetry [54] . In the brane-world models these are coupled to matter on the brane via the induced metric (for a recent discussion see [55] ). In our case of co-dimension one there is only one such branon. The remaining components of the perturbation δX M can be removed by transformation of the coordinates on the world-volume, so δX µ = 0 is nothing but the gauge choice. Note that in this gauge the perturbation of the induced metric δγ µν does not vanish, contrary to the perturbation of the particle ein-bein e.
Denoting the physical component as Φ(σ µ ) ≡ δX z we obtain the branon (D − 1)-dimensional wave equation: 18) with the source term J ≡ J z . Substituting (2.12) into the eq. (3.17) we obtain the source term for the branon:
Construction of the retarded solution of the eq. (3.18) was explained in [29, 30] , the result consists of two terms:
cos yt , from which the first describes the odd in time brane deformation caused by the Lorentz-contracted Newton field of the particle, while the second is the shock branon wave arising at the moment of perforation and then freely propagating outwards along the brane. For D = 4 these two integrals diverge logarithmically, though, as it was shown in [30] , the corresponding regularized solutions exist. Here we will use the direct solution of the Eq. (3.18) in the momentum representation:
GRAVITATIONAL RADIATION FORMULA REVISITED
Traditionally, both electromagnetic and gravitational radiation is computed in terms of fluxes of the field momentum in the wave zone, which is well-defined only in the asymptotically flat space-time. Our space-time is not asymptotically flat, so one should revisit the derivation. In particular, the energy-momentum flux through the lateral surface of the world-tube turns out to be non-zero [32] . Meanwhile, one can transform the flux at infinity, when it is well defined, into the volume integral extended through the space-time. This allows one to express the radiation power as an integral over the graviton momentum from the square of the source stress-tensor in the momentum representation contracted with polarization tensors [56] . Here we present the derivation of essentially the same formula without reference to the wave zone.
A. The second order
In the second order in κ one obtains the leading contribution to gravitational radiation. Actually, the source of radiation consists of three ingredients. The first is due to the particle which has constant acceleration before and after piercing. This has certain analogy with the Weinberg's approach [56] to compute gravitational radiation from the system of particles colliding at a point: in that case one has the constant momenta before and after collision which instantaneously change on a finite amount. In our case it is the (proper) time derivatives of the momenta before and after collision which are constant and opposite, changing sign at the moment of perforation. The second contribution comes from the deformation of the brane world-volume caused by varying gravitational field of the moving particle. Recall, that in our setting the brane is plane and non-excited once gravitational interaction is switched off. Finally, for consistency of calculations, the gravitational stresses have to be taken into account, these are described using Weinberg's expansion of the Einstein tensor up to the second order in the gravitational constant [56] . The gravitational stresses constitute the third component of the source.
The Einstein equation expanded up to the second order together with the corresponding expansion of the metric leads to the following equation for the second-order (trace-reversed) metric deviation: 2 ψ MN :
with the source containing three terms:
The first is the particle term following from the Eq. (2.7):
3)
The second term 1 T MN represents the brane contribution. To compute it, one substitutes the first-order metric deviation (2.12) and the first-order brane perturbations into the Eq. (2.7), keeping the quantities of the desired order: 
where
In the source term in Eq. (4.1) one has to use the squares of the first-order quantities 1 h MN in S. Furthermore, ignoring self-interaction, one has to keep in S MN ( 1 h) only the products of the first order metric deviations 1 h due to the particle and the brane. In other words, in S MN we retain hh-terms and not the termshh and hh responsible for self-action.
Using the equations for the first-order fields it is straightforward to verify that
which guarantees the validity of the gauge fixing condition (2.8) to this order. Thus S MN considered as a quadratic form in 1 h MN constitutes the non-local (in terms of the flat space picture) source of gravitational radiation. This non-locality is due to the non-linearity of the underlying full Einstein theory and, as will be shown, it leads to an important difference in the radiation spectrum compared with the results of linear theories like electromagnetism. More detailed discussions of this point can be found in [57] within the four-dimensional theory, and in arbitrary dimensions, but within a simpler scalar model, in [58] .
B. New derivation
One starts with the particle equation of motion in an external gravitational field (3.3) written in terms of the covectors:z
The idea is to present the change of the particle momentum ∆P M (eventually we will consider the full time of motion) as the integral over the entire space-time. This is done passing to the energy-momentum tensor:
Similarly we can present the change of the momentum of the wall, this quantity is assumed to be finite, while the momentum itself is infinite (for more detailed discussion see [32] ). Using the Eq. (2.2) we obtain:
Denote the total matter energy-momentum tensor
The change of the total momentum ∆P M will read:
or, equivalently,
Now we proceed with the expansions (2.9) in terms of κ for both the stress-energy tensor T A M and the metrics g N L . Substituting (2.9) for h into (4.5), one obtains the expansion of the Einstein tensor, from which we retain terms up to κ 2 :
The Einstein equations in the two lowest orders read:
The sum τ
has zero divergence in accordance with the gauge choice in each order of ψ MN . Recall again that in all products of the first order metric deviations one has to keep only the crossed particle-brane terms.
Now we have to carefully analyze the relevant orders in (4.9). One can drop the first κ-order terms in τ A M due to (4.11) and the asymptotic behavior of ✷ψ, as described in details in [59] . Therefore:
2 , then substitute (4.10), eliminate all ✷ ( k+1 ψ A M,A ) = 0 and all terms with 1 h as multiplier, this operation will be denoted by ≃, hence
) plus higher order terms
plus higher order terms.
Substituting this into (4.9) one gets
where S N M is mixed indices tensor in the relevant order 4 :
Eventually (also omitting all 1 h-terms):
Finally, since the expression in brackets in (4.13) become the square of the second order terms (our desired order), we put the metric determinant √ −g = 1. Now we calculate the divergences
and
and substitute them into (4.13), arriving at
which is the same formula as usually derived using the wave zone considerations (see, e.g. [59] ). Replacing here ✷ 2 ψ AB by the source terms in the corresponding wave equation, one can interpret this integral as the work done by the radiation reaction force. So this approach is still valid in our problem, where the notion of the wave zone is problematic. We also address the reader to our previous paper [31] for discussion of the dressed conserved quantities in the case without free asymptotic states.
Finally, repeating the same steps as in [59] , and taking M = 0 one ends up with the standard expression for the radiated energy in terms of the Fourier-transform of the effective source:
where {ε P } represents the set of D(D − 3)/2 polarization tensors, to be constructed below. Note that this formula gives the total radiation energy, not the radiation power.
C. Polarization tensors
Here we construct the polarization states in the gauge convenient to further calculations. In D dimensions there are D(D − 3)/2 independent second-rank symmetric tensors ε P , satisfying the following conditions:
• transversality:
• tracelessness:
• orthonormality:
To proceed, we first construct D − 2 space-like unit vectors e M a orthogonal to k andk and 5 among themselves:
To specify them further, introduce the unit space-like vector n (n 2 = −1), associated with the unit sphere S D−3
within the DW, and the angle ψ between k and the z-axis (the line of particle motion). Then the graviton wave-vector will be parametrized as k = ω (n sin ψ, cos ψ). It is the only one possessing the bulk indices via the e ψ M e ψ N -term. For future purposes, it is worth noting that the polarization tensors ε iψ , ε φψ and ε z , with i = φ, θ i contain bulk indices (z-directed) through the vector e ψ M , while the remaining ε ij , and ε i do not.
RADIATION AMPLITUDES
According to Eq. (4.15) we have to compute the polarization projections of the effective tensor current on the graviton mass-shell, k 2 = 0. The total current τ µν (4.2) consists of three terms: the brane term 1 T MN (k), comprising contribution of the reversible deformation due to the variable gravitational field of the moving particle and the shock branon wave arising at the moment of piercing; the particle term 1T MN (k), encompassing corrections to the free motion due to the gravitational field of the brane; and S MN (k), the bilinear product of h MN andh MN , which is the stress-tensor of the gravitational field. It is worth noting that though the sum of the three terms is uniquely defined up to longitudinal k M terms vanishing under polarization projection, each separate contribution is gauge dependent, so the following calculation of separate terms is associated with specific gauge choices for the brane and the particle which were described above and will be commented again later.
A. The brane amplitude
The first-order brane stress-tensor in the coordinate representation is given by (4.4) . Specifying the variations of the world-volume embedding functions as
and passing to the Fourier-transform we obtain: 
Now compute contractions of the various terms in (5.1) with the polarization tensors. Taking into account that h MN (q M ) in (2.11) consists of u M u N and η MN terms, one can establish the rules:
• the products of δ vanishes by virtue of the mutual orthogonality of e i and e j in the brane spatial sector;
is zero due to tracelessness in the brane spatial sector;
• the term Ξ MN ε MN iψ vanishes since the vector n is unit and hence n · ∂ θi n = 0;
• finally, the products of
and ε
MN i
vanish since the vectors entering them do not have both t− and z−components.
Thus we see that the only non-zero polarization projection comes from ε z , so one is left with the only scalar amplitude
. Moreover, similar considerations imply that one can truncate the relevant polarization tensor to
The non-vanishing contractions are:
So collecting all the non-zero terms and integrating over q we obtain:
Taking into account the on-shell condition k M k M = 0, this quantity can be rewritten as
We note the infrared divergence of this amplitude at ω → 0, which is not surprising since our procedure did not take into account the finite depth of the piercing layer. We will deal with this problem later on. Another interesting feature is that the amplitude remains non-zero in the limit v → 0. This is related to branon excitation which takes place even with infinitesimal v, for more details see [29] . Also, one can see that the amplitude diverges as ψ → π/2, i.e. along the DW. This divergence is another artefact of our approximation, to be dealt with later on. The divergence of the brane amplitude along the wall is due to brane excitation Φ. If one puts Φ = 0 by hand (this may correspond to Z 2 -symmetric braneworld models or to the case of two mirror particles impinging upon the wall), then
Thereby in this case the amplitude does not blow up at ψ = π/2 and the angular distribution is finite.
B. The particle amplitude
The first-order particle stress-tensor was found in the preceding section in the coordinate representation (4.3):
with z M given by (3.2) and (3.5). The corresponding amplitude in the momentum representation reads:
where the brane gravitational field h MN (τ ) is given by (2.14), restricted to the unperturbed trajectory:
is given by (3.5). For 1T MN (k) the non-zero contribution gives only the polarization ε z , yielding the product 1T z (k). Contracting (5.7) with (5.3) and using the integrals
This amplitude, apart from the infrared, has also the angular divergence at ψ = 0 in the case of the massless particle v = 1. This is the well-known collinear divergence encountered in quantum perturbation theory for interacting massless particles. In classical theory this is the line divergence of the retarded potentials [60] .
C. The stress contribution
The stress tensor is given by Eq. (4.6). Substituting h MN = h MN +h MN and keeping only the cross terms one obtains a bi-linear form of h andh. Anticipating zero contractions of η MN −part with traceless polarization tensors, one can drop it from the beginning. The Fourier transform of the product of two fields becomes convolution in the momentum representation presented by the integrals over the variable q M . The following integrals are useful in such a computation:
(withk M introduced in (4.16)). After lengthy but straightforward calculations one obtains the following expression:
Here the longitudinal terms proportional to k (M B N ) (with any D-vector B M ) were also omitted in view of transversality of polarization tensors. On shell k 2 = 0 this expression reduces to
One can notice that the stress tensor contains the same tensor structures as 1T MN (k) and 1 T MN (k), so the only polarization tensor giving non-zero result will be again ε MN z . The following contractions can be easily foundq
in addition to (5.4). Using them, the projected stress-tensor amplitude can be presented as:
Finally, using the on shell parametrization k = ω (1, sin ψ n, cos ψ), one obtains:
Here one also observes both the infrared and the angular divergences.
D. The destructive interference in the ultrarelativistic limit
In the ultrarelativistic limit v → 1 (γ → ∞) both the particle and the stress amplitudes have similar behavior near the forward direction ψ ≪ 1 which could give the leading contribution to radiation (this follows from the integrals (A.1)). However, keeping the common singular factors and expanding the rest as 10) one finds for large γ ≫ 1
The angular dependence of the radiation amplitude for γ = 15 in four (black), five (red) and six (green) spacetime dimensions (units κ 2 µ E ω −2 = 1 are understood).
and 12) where E = mγ is the particle energy. So in the leading in γ order, these two amplitudes exactly cancel. This is manifestation of the destructive interference which reflects the equivalence principle in the language of flat space, which was encountered in the bremsstrahlung problem for point particles [57-59, 61, 62] . After cancelation of the leading terms, the sum of (5.8) and (5.9) has two orders of gamma less than the each term separately. On the other hand, the brane amplitude (5.5) in the forward direction is approximated as
and thereby is of order of O(ω −2 κ 2 µE). Comparing it with (1 − v cos ψ) −2 = O (γ 4 ) one concludes that at ψ ≈ 0 the brane contribution is always subleading.
Thus in the small-angle region the main contribution still comes from the sum of 1T (k M ) and S(k M ). Expanding these with more accuracy and keeping the subleading terms, one finds to the main order:
The total amplitude is peaked at ψ ∼ 1/γ in any dimensions 6 , with the magnitude ∝ γ 2 . The qualitative picture in D = 4, 5, 6 is shown on the Fig. 1 .
The dependence of the radiation amplitude on the particle Lorentz factor in D = 4 is shown on the Fig. 2 .
E. The massless case
The limiting case, corresponding to the piercing of DW by photons, is the case where mass tends to zero with fixed energy. The latter represents the photon's frequency in = 1 units. The corresponding change should be observable in the angular dependence of the radiation amplitudes. Indeed, the position of the maximum O(1/γ) for the ultrarelativistic particle goes to zero, while the height γ 2 blows up to infinity. 6 More precisely, the position of maximum is ψ = √
γ, plus small corrections. Directly taking the limits of (5.5), (5.8) and (5.9) one gets 15) with no dependence on the Lorentz factor. Here E stands for the photon frequency. One notices that for the small angles the brane contribution is regular, while bothT z (k) and S z (k) blow up as ψ −4 . Combining them, the total amplitude in the small-angle domain reads: 16) and thus blows up as ψ −2 when ψ approaches zero. Thus the destructive interference in this case consists in the diminishing of the angular blow-up power by two powers. The plot on Fig. 3 illustrates these observations. Note that these curves are the same for any D, all D-dependence is contained only in the factor C.
To summarize this section, we list the main results:
• the radiation amplitude consists of a single polarization, responsible for emission into the bulk;
• the amplitude has the universal infrared divergence ω −2 ;
• in the ultra-relativistic case the radiation amplitude is peaked in the forward direction, though the leading contributions of the particle and the stresses mutually cancel due to destructive interference;
• the brane amplitude blows up along the DW and remains non-zero in the limit v → 0.
THE SPECTRAL AND ANGULAR DISTRIBUTION OF PGR
From Eq. (4.15) one obtains simple expression for the spectral-angular distribution of the total ε z -polarized PGR: In view of the spherical symmetry on brane, we integrate over sphere S D−3 (all angles except ψ) obtaining for the total emitted energy
The integrand typically is peaked along ψ = 0, and for massive particles (finite γ) it is non-divergent there (actual integration is performed according to Appendix A). But in the massless limit it is divergent, so the cut-off at ψ min is required. This cut-off depends on the particular physical problem which is supposed to replace our simplified model and may be either classical, or quantum. In what follows we will discuss this in more details.
Taking into account that all radiation amplitudes scale as ω −2 in the entire spectrum, the substitution of τ z (k) into (6.1) after integration over angles leads to the frequency distribution
This quantity is infrared-divergent in all dimensions less than six. This also is the consequence of the oversimplified nature of our model which indicates the need of the infrared cut-off. For D 5 an ultraviolet cut-off is also required. These again can be classical or quantum, especially in the case of massless particles. Recall that in the classical domain we have two intrinsic length parameters in the full non-linear theory -the inverse bulk curvature k −1 and the gravitational radius associated with the particle energy E, namely
.
In addition, in more realistic DW models one encounters other physical length parameters: the DW thickness δ and the finite longitudinal size of the DW. Finally, applicability of the perturbation theory requires the distances in the bulk direction to be restricted from above by the size of the piercing layer (3.7) which is of the order of the bulk curvature radius for the photons, and is O(v 2 ) for non-relativistic velocities.
A. The ultra-relativistic case: beaming in the bulk direction
The dominant part of the total radiation still can be beamed even if the corresponding particle and stress contribution mutually cancel. Substituting (5.14) into (6.2) one encounters the competing over the polar angle ψ: V
, as introduced and evaluated in the Appendix A. In the leading order one obtains
where frequency factor Q D is
(6.5)
The factor Γ
6−D 2
indicates that for D 6 the formula (A.6) is irrelevant. Indeed, for D = 6 the integral V 11 6 exhibits the non-beamed logarithmic behavior (A.8). The two remaining integrals are still "beamed" (A.6), but the power of γ in the denominator (5.14) makes the forward-direction contribution to be of the same order as non-forward contributions which are more difficult to access analytically. For D > 6 it is not hard to combine contributions V (choosing the appropriate case out of (A.6), (A.7) or (A.8)), but the total forward radiation is negligible due to the small phase volume of the forward-direction beaming cone ψ γ −1 . Thus it is natural to consider the cases D = 4, D = 5 and D 6 for the ultrarelativistic particle separately.
• D = 4. The direct application of (6.4) yields:
where we traded the particle mass in favor of the energy E = mγ. Obviously this diverges in the massless limit when γ → ∞. This divergence is a consequence of the collinear divergence of the amplitude, which requires the angular cut-off ψ min :
It is expected that the cut-off has quantum nature, like in the case of synchrotron radiation of massless particles [41] , which is beyond the scope of our treatment. Otherwise, one can think of the factor (ψ min ) −1 as an effective maximal Lorentz factor γ * .
• D = 5. This case is "softer" as containing a single power of γ: now from (6.4) we have:
In this case one can find reasonable cut-offs from applicability conditions of our approach. The cutoffs ω min and ω max come from the corresponding coordinate cutoffs discussed in the Appendix B. Another restriction could come from non-infinite longitudinal size of physical DW, and one has to combine them together. This stimulates us to revisit the 1st-order deformation of the brane, given by Φ ≡ Φ a + Φ b [30, eqns. 5.14, 5.17], with
where θ(x) stands for the Heaviside step-function. The absolute value of both these is maximal for small r, hence the maximal z−direction brane deformation has to be taken at r = r min (for |t| > z min ), or at r = 0, t = z min in Φ a , yielding
where we take into account (B.7). Demanding for the brane deflection to be secured by the "true" minimal available-for-consideration z-coordinate, in order to keep the validity of the perturbation theory (what implies |Φ| max = z min ), and taking into account the correlation between z and r for the branon wave we conclude:
since these exceed the "previous" minimal values
independent of the graviton direction. Second, here we are basically consider the RSII setting where the brane is five-dimensionally infinite. Let consider for the moment the case with infinite Lorentz factor within the RSII model. Note, the zeroth-order field in our model is Minkowskian everywhere. This fact preserves the conservation laws [30, 31] , and the dynamics of particle and brane is self-consistent. But if we consider times t > L ≡ z max in RSII-setting, the free particle after the shock collision moves in the true RSII-metric which is exponentially decaying. Hence the corresponding branon wave, Φ b , propagating outward the piercing point, when reaching the value r = L has to be deformed significantly 7 . In other words, we have to put
The minimal value of frequency ω is determined by the two inverse length parameters: both longitudinal, 1/z max , and transverse, 1/r max . Noticing that the two latter coincide, we conclude
Substituting (6.10) and (6.12) into (6.8) one obtains 8 :
Normalizing it by the particle energy, we have:
and we can consider two cases described in [32] : the resolution is that the existence of k r min prevents the angle ψ to approach zero:
Notice, the result (6.13) is got after the ψ-integration from 0 to π, whereas in the relativistic case we thus have to integrate the angular distribution (6.1) from ψ min . Since the integrand is beamed inside the cone 0 < ψ 1/γ, the final result depends upon the relation between 1/γ and ψ min . Namely, expressing the radiation efficiency (6.13) in terms of inverse minimal emission angle, it estimates as 15) or ln γ * /γ * in terms of effective Lorentz factor γ * ≡ ψ −1
min . Since the function ln x/x does not exceed 1 for x > 1, there is no efficiency catastrophe in our model. In fact, we assume L/r E ≃ γ * ≫ 1, so ǫ ≪ 1.
• D 6. As was deduced above, the most of the angular contribution is taken from the angles of order O (1). Meanwhile, in six dimensions both the "beaming" region ψ O (γ −1 ) and ψ O (γ −1 ) contribute on equal footing, that implies for the local values of the angular-distribution curve at ψ ≃ O (γ −1 ) to be in γ times greater than the same one at ψ ≃ O (1). The plot on Fig. 6 confirms this conclusion. Thus we have the "local" beaming, with the total contribution as
For D > 6 the γ ≫ 1 limit has to be applied to the region ψ = O (1). Doing this, one obtains the estimate 17) where f (ψ) denotes some function of order O (1) with no characteristic dependence on γ ≫ 1 inside. B. Non-relativistic case: the brane contribution
As it was mentioned above, the brane contribution survives in the limit v → 0 (5.5). In this case the angular distribution is symmetric with respect to the brane's plane. Thus we deal with the pure brane configuration of waves, the corresponding plot is shown on the Fig. 4 .
However, the term 1/k z in 1 T z (k) is presented in the generic case v > 0, thus one can expect the blow up of the curve of the total emission angular distribution at angle ψ close to π/2, i.e. when the graviton is emitted tangent to the brane: from (5.5) we have now:
Introducing the complement ψ ′ ≡ π/2 − ψ and estimating, we conclude:
This indicates to the imposing of a cutoff on the k z and ψ ′ : indeed, from the maximal z max we can deduce:
Integration of (6.18) yields the "brane" contribution to the spectrum: 19) with Q n introduced in (6.5). However, in the non-relativistic case the maximal z-size of applicability of our approach is z < z l (v) which goes to zero as v 2 for small velocities. So in the non-relativistic case one could do better considering particle motion in the exact brane background, we leave this for the future work.
Z 2 -symmetric case. When both half-spaces of the brane hyperplane are equivalent, the brane excitation is absent:
Thus the brane contribution to the total radiation amplitude is given by 9 : obtains:
The plot illustrating this approximation, is given on Fig. 7 . Squaring of (6.21) and substituting it into (6.2) leads to the integrals V D−3 2 which for D > 6 turn out to be "non-beamed" and for D = 6 logarithmic 11 , thus taking help of (A.7) this yields:
with ω max discussed above (6.10). The formula (6.22) obtained for an ultrarelativistic particle, does not contain "free" Lorentz factor. Also, the angular cut-off at small angles is not required. Thus in higher dimensions there is no strong enhancement of the emitted radiation in the ultrarelativistic case. Omitting the brane's blow-up, the dependence of the emitted energy upon the speed of piercing particle is shown on Fig. 8 .
The radiation efficiency is estimated as:
To summarize, the total efficiency of radiation can conveniently be expressed through the ratio of the beamed part to the brane contribution χ ≡ E * rad /E br giving
where θ(x) is the Heaviside step-function. In four and five dimensions the beamed radiation dominates, while in higher dimensions the most of radiation is emitted at large angles.
CONCLUSIONS
In this paper we investigated new mechanism of gravitational radiation from DWs, called PGR, due to their collisions with surrounding particles which perforate DWs and pass through. Within our model the DW-particle interaction was assumed to be purely gravitational and small, so the perturbative scheme on the Minkowski background is applicable. The gravitational force in this system is repulsive, so the particle must have the momentum transverse to the wall large enough in order to overcome repulsion and to perforate the wall. In plasma with some velocity distribution such particles form a layer whose size depends on their velocity; this size becomes large in the ultrarelativistic limit and for massless particles.
In the perturbation theory, gravitational radiation arises in the second, post-linear order. This is similar to perturbative treatment of gravitational bremsstrahlung under relativistic collisions of point particles, but in our case situation is more complicated since the wall is an extended object with an intrinsic dynamics due to tension. Another difference is that the force between the particle and the wall does not fall off with distance, so there are no asymptotically free states. So to calculate gravitational radiation in such a collision we had to resolve some conceptual and technical problems. One problem is failure of the traditional theory of radiation based on the notion of the wave zone which is absent in our case. So we had to reconsider formula for gravitational radiation without recurring to asymptotic conditions. The second problem is that, due to absence of free asymptotic states, perturbative description of gravity is restricted to certain distances around the wall, while the formal expansions in terms of gravitational coupling constant require considering in zero order an infinite motion of the free particle. Also, the point particle is not a good approximation itself, since any mass has an associated gravitational radius. Similarly, physical DW has a finite width, while we used the Nambu-Goto action. These oversimplifications allowed us to compute the radiation amplitudes analytically at the expense of the infrared and the ultraviolet divergences of the spectra, as well as (collinear) divergences in the angular distribution in the limit of massless particle. So we had to perform an additional analysis to motivate the choice of cutoffs needed to extract finite answers from the perturbation theory.
Due to the symmetry of the problem, the emitted radiation is polarized in single tensorial state, responsible for the bulk emission of GW. The radiation amplitude consists of the contribution due to the particle, to the DW and to gravitational stresses. The total radiation amplitude is factorized into the product of the frequency part and the angular part depending upon the single angle. The frequency factor ω −2 has an infrared blow-up, proper for the particles collisions [56] in general, though stronger. The angular part has divergence corresponding to gravitons emitted along the brane which is absent in the case of two mirror particles. In the non-relativistic limit the particle and stress contributions vanish, so only the brane contribution remains. For an ultrarelativistic particle the radiation amplitude in the forward direction is damped by two powers of γ with respect to the particle term only due to destructive interference with the stress tensor contribution. Despite this, the radiation amplitude has a peak at ψ ∼ 1/γ (with the same order of half-width), proper to radiation from fast particles (bremsstrahlung), with magnitude ∼ γ 2 . The angular-frequency distribution of the emitted radiation, obtained after squaring the total amplitude and adding the dimension-dependent phase-volume factor, have the following features. The frequency distribution scales as ∼ ω D−6 in the entire spectrum and therefore has infrared divergence in four dimensions, the ultraviolet divergence in higher dimensions, and both of them for D = 5. All of them are removed by the appropriate cutoffs which may depend upon the particular DW model. The amplitude peak, discussed above, causes the beaming of the emitted gravitons, with characteristic cone angle 1/γ, as it common for fast particles. Such a beaming is realized in four and five dimensions, that reflects the corresponding enhancement of the emitted energy as gamma-factors in numerator. In the massless limit one uses the cutoff related with the applicability of linearized fields. However, in higher dimensions the dominant region of angular distribution shifts to the large angles, due to volume factor of the phase space. In this case the radiation tangent-to-brane becomes dominant even with cutoff imposing. Thus in higher dimensions there is no strong enhancement of the emitted energy for relativistic/ultrarelativistic velocities, as well as no beaming of the emitted waves.
In the massless limit the radiation amplitude has no peak and blows up as ψ approaches zero. However, the resulting angular amplitude scales as sin D−7 ψ and regular for D > 6. The cutoff imposing solves this divergence at D = 4 ... 6 in the same manner like for ultrarelativistic case with finite Lorentz factor exceeding the effective "cutoff" factor γ * . In the non-relativistic limit the radiation due to the brane deflection dominates. Omitting the brane's influence, the radiation is roughly isotropic. The radiation efficiency depends on the braneworld model and dimensionality. In higher dimensions with infinite-sized brane it is found to be of order ln γ/γ or less, where for very high Lorentz factor one has to substitute it by effective γ * = L/r E ≫ 1. Being applied to the computation of radiation flux, this type corresponds to beamed emission inside the spatial cone with characteristic angle of order O (γ −1 ). Beyond this cone the integrand in (A.1) decreases rapidly. An alternative derivation of this answer can be found in appendix of [67] .
For 2m < n + 1 the behavior of Legendre function is governed by the second term in parenthesis of (A.5); thus one obtains In the borderline case 2m = n + 1 the behavior of the integral is logarithmic. Indeed, inserting the expansion (5.10) into (A.1) one integrates 1/ψ from O (γ −1 ) to O (1). Both terms in (A.5) become actual, hence representing n = 2m − 1 + ǫ, we take the well-defined limit ǫ → 0, to obtain an asymptotic in this transition case: The linearized field generated by the DW approximately coincides with the full non-linear solution iff the bulk distance is small with respect to the brane-curvature radius, the latter is given by
In order to justify the correspondence of the linearized field generated by the particle one has to take into account the motion. In the particle rest frame the metric generated by the particle, is the SchwarzschildTangherlini one: in the isotropic coordinates (t,x 1 , ... ,x D−1 ) it is given by
where ̺ ≡ δ ijx ixj 1/2 and i, j run from 1 to D − 1. Here ̺ > ̺ g and ̺ g stands for the isotropic-coordinate gravitational radius, which is given by
(B.2)
